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A set of diff~enr2al hydrodynamic equations is derived for motion of 
a powdex-laden flow in a pipe of variable cto~ section with allowance 
for gas compressibility and heat transfer between the components. 

The characteristics of the motion of mixmzes in nozzles and under 
steady conditions of gas-pressure transport are demonstrated. 

The employment  in the me ta l lu rg ica l  indus t ry  of 
a new process  for t rea t ing  molten meta l  with powdered 
reagen t s  in t roduced in a gas s t r e a m  has made it  
n e c e s s a r y  to design powder feeding devices c h a r a c t e r -  
ized by n e a r - s o n i c  mix ture  outlet  veloci t ies .  In 
this connect ion an a t tempt  has been made to der ive  
a se t  of s impl i f ied hydrodynamic  equations based 
on the p r inc ip les  of motion of each component  in a 
form convenient  for solut ion on a computer .  

gas flow a rea  in the pipe due to the p re sence  of the 
second phase: 

F~ = F -  F~ = , ~ F  O) 

The equations of cont inui ty of the components  
and the equation of s tate  of the gas a re  

d g= a(fipg%l =0: (2) 

d6 s = d (F s Ps !~s) = 0: (3) 

dP = R (pgdTg "- Tgd pg) =- 0. (4) 

The equation of motion of a solid par t ic le  is 

~p_ d~' s .~d~ %(wg- ~'~ (s> 
a!!)'s -dX~- "- ~f " 4 25{ - - -  +Gpac~ 

The par t ic le  drag ~f va r i e s  over  the tube length 
and depends on the Reynolds number  r e f e r r ed  to the 
di f ference of velocity between the components .  

The equation of momentum of the mixture  is 

a~d~'~-, • s = -a (p l} l  .L P a F -  

dX I 

- (rg =- r s) .~ DdX 4- • gagcOS ~ -~:s- ' (6) 

Fig.  1. Diagram of forces  
acting on an e l e m e n t a r y  

cone. 

Allowance has been made for carrier-gas com- 
pressibility and also for heat transfer between 
phases, while the calculations relate to a conical 
pipe with central convergence angle 2a. 

The results of numerous investigations of gas- 
p r e s s u r e  t r anspo r t  of loose m a t e r i a l  show that at 
flow veloci t ies  exceeding 15-20  m / s e c  the solid 
pa r t i c l e s  move in a suspended state [1, 2, 3] along 
nea r ly  r e c t i l i n e a r  paths [1, 4], fa i r ly  un i formly  
d is t r ibu ted  over  the c ross  sect ion [1, 2, 5]. These  
condit ions ensu re  the s tab les t  t r anspo r t  without 
obs t ruc t ion  of the pipe. This  pe rmi t s  the following 
assumpt ions :  a) the flow is one -d imens iona l  and 
un i formly  d i spe r sed  over  the c ross  sec t ion ;  b) there 
is a lmos t  no col l i s ion between pa r t i c l e s .  In der iv ing  
the equations we also a s sume  that there is no heat  
exchange with the ex te rna l  medium and that the 
p rocess  is steady and the pa r t i c l e s  a re  spher ica l .  

In inves t iga t ing  the hydrodynamics  of a two-phase 
flow allowance is usual ly  made for the reduct ion of 

The first term on the right side of the equation is 
the pressure acting on opposite sides of an element 
of the cone (Fig. 1); PdF is the projection on the 
axis of motion of the pressure on the lateral surface 
of the jet; (rg + Ts),~DdX is the friction of the gas and 
particles against the pipe wail; ~Ggg cos fl dX/W s 
is the gravity force acting on the solid particles in 
projection on the axis of motion. It is convenient 
to relate the tangential stresses produced by the 
solid particles to the concentration of solid parti- 
cles in the gas [6], having expressed them by ana- 
logy with the gas in the form:  rs  = ~r.s ' ,<pg W~/2g. 
Values of the wall f r ic t ion  for solid par t i c les  
~fr.s = 4~fr.s a re  given in [6] for severa l  m a t e r i a l s  
and they can also be de te rmined  by compar ing  theor-  
et ical  ca lcula t ions  with exper imenta l  r e su l t s .  In 
o rde r  to de te rmine  the coefficient  of gas f r ic t ion  
agains t  the walls  use can be made of o rd ina ry  for -  
mulas  for smooth pipes [2]. 

The equation for the energy of the mixture  r e -  
fe r red  to 1 kg of gas is 

- - 2  -:- :~csdTs : •  " 2 
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The equation for  heat  t r ans f e r  between the s u r -  
face  of the pa r t i c l e s  and the gas is 

- -~(Ts--rg)~d~ KdX _ CsOs-6-1 a d ~ a r s  ' (8) 

where  

0 , 8 3 /  ,, = ~g0.2Re~ 'G: Res = (wg-G)c{ ; , .  

Thus we have eight initial equations and the same  
number  of unknown funct ions.  By convers ion  to a 
f o r m  convenient  fo r  numer ica l  solution on a compu-  
tor,  we obtained the following se t  of equations 
p resen ted  in d imens ion less  f o r m  in logical  sue -  
cess ion  with r e spec t  to the solution of the problem:  

~p = 1-- N/D *~ g~':; (9) 

1.c:!:/Tg (TTgn Tg (10) 

~f = 24/Re s for Re s <1; (11) 

~f=24/Res-+-4.3/VR-~ s for l<Res~.3000;  ( l l a )  

~f =0.42 for Re s >3000; ( l ib )  

ave; 3 P* (u;~- ~v~)~ co~,~. (12) 
dX* -- 4 ~f B Tg If/; ~/'; Fr '  

0 , 8 3  aT A = --1.2Ev, es (Tg--r;) .;  (la) 

Reg= WgD* t ' ~  P ' F ~ (  I+C*/T;I_C./Tg)r Tg; (14, 

~k.g= [0.55/1g R4g12; (15) 

dWg [ cs tits k w~g ~ 
dX* -- - - x  cZ ~ : + ( ~ f r . g + X [ ' f r . s ) k +  1 TD , q- 

][2 
-!- ~ t g a  • ~ i  -Wg 2 W; 2 - 1  

2k 
+ ~ 1  • 

ax  
(la) 

au:,: 2k % >  r a~e~ 
a x , ~ , - k + ~  r~ *Tx 7 +  

(l--q') k+-I ] dW; 
: .• Wi~'g cp 2k dX ] § 

g'g c~ • '1. (17) 
+ (~f~.g + • Fr W~ J' 

_dr'g__ rgdt(g . TgdP* 
dX* gr dX* ' P* dX* 

( 1-- ~p) TgdWs 4Tg tgu; (18) 
-t- - -  

~ dX* q~ D* 

dD:~: -- 2tga. (19) 
dX * 

All the quanti t ies in the equations r e p r e s e n t  
ra t ios  of the var iable  flow p a r a m e t e r s  to the c o r -  
responding sca les  for  which we chose the initial 
gas stagnation t empera tu re  Tg01, the c r i t i ca l  gas 
velocity cor respond ing  to Tg01, the init ial  gas  p r e s -  
su re  P1, the pipe d i ame te r  at the inlet  D1, and the 
the rma l  conductivi ty of the gas under  no rma l  c o n -  
ditions X0: 

Ts = rdTgo,; r~ = rg/V~0,; W; = G./Wo,,; 

Wg = Wg/Wex,; P * =  P/P1; 

X* = X/Dfi D* = D/Dv To--To/Tgo, = 

= 273/Tgo,; C* = C/Tg,,; 

F, F,, N, E, Fr ,  and B a re  constants  fo r  the given 
p rob lem and a re  expressed  by the following re l a t ion -  
ships:  

F = 2k dsP, FD1 Os . . . .  - ; F ' =  - - ;  N ~ - - -  

k + l  btoWcrt d s psWs F, 

E =  D,;% ; F r ~  !'pcn ' B P~g2_ D 
d~sOsCsWcrl ED, pg ds 

The sy s t em of equations was p r o g r a m m e d  fo r  so l -  
ution on the M-2 computer .  

By compar ing  the resu l t s  of calculat ions with 
exper imenta l  data  (table) one can check how a c c u r -  
ately the s y s t e m  of equations obtained desc r ibes  
the true p r o c e s s .  

Exper iments  nos.  7 - 1 0  were  ca r r i ed  out on a 
specia l  exper imenta l  device which made it poss ib le  
to check the method under  conditions of high p r e s s u r e  
and sonic gas jet  veloci ty at  a tmosphe r i c  p r e s s u r e  
in the outlet  c r o s s  sect ion.  During the exper iments  
m e a s u r e m e n t s  were  made  of the flow r a t e s  of the 
components ,  their  t empera tu re s ,  gas p r e s s u r e  at  
d i f ferent  c r o s s  sec t ions  over  the length of exper i -  
mental  p a r t  of the channel, and the r eac t ion  of the 
jet.  The par t ic le  velocity at the outlet  was de te rmined  
f r o m  E u l e r ' s  equation: 

Preact= ~- Wg., - -  G-Lsg Wsz (zo) 

The f i r s t  calculat ions  for  exper iments  nos.  1 and 4 
were  c a r r i e d  out on the a s sumpt ion  that the wall 
f r ic t ion  ~fr.s = 0. This made it poss ib le  to d e t e r -  
mine the actual  value of ~fr.s by compar ing  the 
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NO, of 
expt, 

7 
8 
9 

10 

Character is t ics  of Experimental Data Used 

Gas Materiall 

wheat 

Lsh from 
=helya - 
)insk coal 

coal 
dust 

~ert alcium ire 

Dell - 
sity. 

kg/m 3 

1220 

1500 

1350 

4000 

Particle 
diam.,  

m n l  

3.0 

average 
0.142 

0.105 

fine 
fraction 

0.14- 
0.2 

air 

nitrogen 

Pipe 
length. 

mm 

89.0 

41.12 

4.0 

I 
In i t ia l  [ Mass flow 
pressure, I rate of gas, 

N/m" kg/min 

0.99 . 10~ 8.05 
9.45 
9.25 

1. 142- 10~ 1.68 
1.36 .10 s 3.04 

in Corn 

Concen- 
t IaE[oI1,  

kg/kg 

i4.6 
6.27 
3 7  

2.67 
1.642 

1 . 1 1 8 . 1 0  b 1 . 6 5  

4.51 .105 0.352 
3.13 .105 0.,3,50 
4.11 .10~ 0.250 
2.745- 10 ~ 0.352 

3uter Calculations 

2.755 

7.0 
2.7 

12.0 
8.5 

Remarks 

experiments no, 20 
of Gastershtadt 
[i] no, 25 

Uspenskii' s 
expeximents 

TsN IIChM' s 
experiments 
(at sonic ,gas 
outlet vel- 

ocities) 

results  of calculation with experimental data, on 
the assumption that the portion of the losses not 
taken into account equals the difference between the 
predicted and the experimental pressure  drops. 

~0 

,,// 
o ~oo 

i 

200 ]o0 ~Oo L/D 
0 . 3 2 2  ml  8.3"/ m 2 4 . 0 3 5  m 4 0 . 2 8  m ~ 4 6 . 9 8  m 

pressure measurement points 
Fig. 2. Variation in gas p ressure  
AP, N/m 2, over tube length in 
experiments nos. 1 and 2 ([1], 
experiments no. 20 and 25): 1) 
experiment;  2) calculation with 
Cfr.s = 0.0061; 3) calculation 
with ~fr.s = 0; I) at ~ = 1.46; 

II) >t = 6.27. 

As a resul t  of such a comparison we obtained: 
for Gastershtadt 's  experiments ~fr.s = 0.00161; 
for Uspenskii 's experiments ~fr, s = 0.0025 (which 
is in complete agreement with the data given in [6]). 
When a mixture moves at high velocity the role of 
losses due to friction in the over-a l l  power balance 
is small, therefore in this case ~fr.s was taken as 
z e r o ,  

The results  of calculations with the above-mentioned 
coefficients Cfr.s are shown in Figs. 2, 3, and 4. 
It follows from plot 4 that the variation of the para-  
meters  of a gas moving with suspended solid part icles 
is identical with their variation for a pure gas [7]. 
The gas reaches sonic velocity only at the end of 

the pipe whose length is uniquely defined by the boun- 
dary conditions of the problem. Therefore the pipe 
length is an object for comparison of calculation and 
experiment, together with such character is t ics  as 
the pressure  gradients over the flow length and the 
particle velocity. Despite the quite different initial 
conditions of the problems, the results  of solving 
them in all the cases considered prove to be very 
similar  to the experimental results and correct ly  
represent  the actual process:  the difference between 
calculation and experiment in respect  of these 
character is t ics  amounts to 2-7%. 

A comparison of the curves in Figs.  3 and 4 shows 
that the aerodynamics of the mixture is e~sentially 
different in all three cases.  

By calculating numerous versions of the problem 
on a computer a number of special features of powder- 
laden flow in nozzles at sonic gas exit velocities have 
been established, namely; 

1. Coefficient of resistance of powder-laden flow 
in nozzles increases:  a) with decrease in Ps and d s 
due to increase in velocity gradient (dWs)/(dX), b) 
with decrease in the particle velocity at the nozzle 
inlet, c) with increase in initial particle temperature, 
which causes an increase in the temperature and 
velocity of the gas during motion. 

2. The particle velocity at the nozzle outlet is 
considerably lower than the gas velocity, amounting 
to 15/100-45/100 of the sonic velocity in the cases 
investigated. The particle outlet velocity can be 
increased by raising initial gas pressure  and in- 
creasing nozzle length. 

3. Comparison of the energy balances for the 
individual stages of a moving mixture showed that in 
this case the basic losses of gas energy are associ -  
ated with an increase in the kinetic energy of both 
phases. The specific value of losses due to friction 
is not grea ter  than 5-7%. Therefore at ~ = 4 -5  the 
pipe diameter has no significant effect on the aero-  
dynamics of the nozzle. 

The nomogram shown in Fig. 5 makes it possible 
to determine nozzle inlet gas p ressure  and nozzle 
outlet part icle velocity f rom the given concentration 
and nozzle length. The nomogram can be used for 
designing nozzles f rom 6 to 35 -40  mm in diameter .  
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Fig.  3. Var i a t ion  in the ve loc i ty  of the components  
W~ = W g / W c r  (1), W~ = W s / W c r  (2) and in p r e s -  
s u r e  P* = P / P l  (3) ove r  p ipe  length L, m, f rom the 
r e s u l t s  of e x p e r i m e n t s  No. 1 {broken l ines)  and No. 

5 (continuous l ines) .  

p,+W*, w s -~----- , , 

I / !  ! A g L - - ~  i 
. _ I  Ji i _ 

~, o i 20 ~tO 5o 80 ioo i 12o i40 L 

E . _ _  i s -  Isz 

Fig.  4. Va r i a t i ons  in d i m e n s i o n l e s s  p a r a m e t e r s  
of the m i x t u r e  P* (1), W~ (2), W~ (3), W~ (4), 
T~ (5) ove r  the e x p e r i m e n t a l  p ipe  length L, mm,  
at sonic  gas  out le t  ve loc i ty  acco rd ing  to the  d e -  
sign data  of e x p e r i m e n t  No. 7 (~Vcr 1 = 312 m / s e c ,  
Pl = 4 . 5 1 x  l0 s N / m  2, Tgol = 283 ~ K, • = 7). Con- 
t inuous l i n e - c a l c u l a t i o n ;  b roken  l i n e - e x p e r i m e n t .  
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The spec ia l  f ea tu res  of the ae rodynmaics  of mix-  
tures  at low veloci t ies  follow f rom the resu l t s  of 
calcula t ions  for  veloci t ies  of about 20 m / s e c ,  shown 
in Fig.  3, namely:  

1. The length of the par t i c le  acce le ra t ion  path is 
the g rea t e r ,  the l a r g e r  the pa r t i c les .  Thus, at  d s = 
= 3 ram, 0.142 mm, 5t~ it is 450, 30, and 0.25 cal i -  
bers ,  r e spec t ive ly .  

2. Immedia te ly  beyond the acce le ra t ion  s ec to r  
conditions a re  c h a r a c t e r i z e d  by equality of the velo-  
city grad ien ts  for  the two components  

dWg dWs 

dX  dX  
(21) 

this equality is very  stable for  these powders .  

2008 - 2  

-3 
~ aoo F - - ~  "o 
coo ~ 5  - s  
oo0 ~ -6  
500 ~ u .  [ . [ ~  

,oa ~ . - T r  -~ 
JO0 ~ - 8 
2OOI I I I I I J l f lA / / I ~ .9  

-tO 
fifo ~ - If 80 ~ - r 
60 - f3 
50 - tO  
i,O ~" t5 
30 "" t6 

20 \ / 7  

OO4 0.06 t~oa p, 

Fig. 5. Nomogram designing nozzles  
intended for  feeding powdered l ime in 
a jet  of na tura l  gas  (Pj in MN/m2; 
L in ram, ~ in kg/kg):  1) W* s = 0,15 ; 
II) 0.20; III) 0.25; VI) 0.30; V) 0.35; 
VI) 0.40; VII) 0.45; 1) ~ =  4; 2) 5; 
3) 6; 4) 7; 5) 8; 6) 9; 7) 10; 8) 11; 9) 
12; 10) 13; 11) 14; 12) 15; 13) 16; 

14) 17; 15) 18; 16) 19; 17) 20. 

3. Unlike the motion of mix tures  in nozzles ,  the 
g rea t e s t  pa r t  of the gas energy  under equa l -g rad ien t  
conditions is expended in ove rcoming  the f r ic t ion of 
gas and pa r t i c l e s  against  the wails,  and, under  con- 
ditions of pa r t i c le  acce lera t ion ,  in inc reas ing  their  
velocity.  However,  as the dis tance f rom the inlet 
inc reases ,  the expenditure of energy  on acce le ra t ion  
dec reases , ,  and the pa r t  played by losses  due to f r i c -  
tion i n c r e a s e s .  

In t roducing condition (21) into the set  of equations 
(9)-(19) and neglect ing heat  t r ans fe r  between phases,  
we obtain an equation for  de te rmining  the di f ference 

in velocity under  equa l -g rad ien t  conditions of g a s -  
p r e s s u r e  t r anspo r t  AW = Wg -- W s, which in d imen-  
sional f o r m  is as follows: 

A w : , - -  _ - . - =  . . . . .  l - - , .  
% 

2 ' ",.~. ) A l,t St -i- 3 - it ,S 

2 k~V,,., . .  
+ -]~- % (~fr.g T- x...fr.s)S t O �9 (22) 

Here  

S t  . . . . .  1__ p_s_d s (23) 

F o r  powders  the f i r s t  t e rm of the equation can 
be neglected;  we then have 

a A 1V ~ -i- b A W ---ht~'g --0, (24) 

where  

9 
b .... - / ' (~f r .g  -~- Z~fr.s! W ; S I .  

3 

Under  the same  conditions and at Re s < 1, with 
allowance for  Eq. (11), 

a W . Ps ds k (~f~.s + • 1~j~/36~ D 
a 4- osd ~ k (;fr.g :-- ~:.fr.s) IV~ 361~ 1) 

At Re s > 1 Eq. 24 should be solved with ~j- of 
( l l a )  by the method of success ive  approximat ions .  

NOTATION 

W--veloci ty ;  T - - t e m p e r a t u r e ;  P - - p r e s s u r e ;  
Tg01--gas stagnation t empe ra tu r e ;  D--pipe d i ame te r ;  
d s - -pa r t i c l e  d i ame te r  ; Ps- -dens i ty  ; G- -mass  flow ra te  
(in the internat ional  sys t em of units);  z - - m a s s  con- 
cent ra t ion ;  Gpa- -par t i c le  mass  ; e - -po r t ion  occupied 
by gas ;  ~fr--wall  f r ic t ion;  Cf- -par t ic lc  drag;  Cs, Cp-- 
specif ic  heat  of solid par t i c les  and of gas ;  k = Cp/Cv; 
R = gas constant ;  p ,  u--dynamic and k inemat ic  vis-  
cos i ty  coeff ic ients ;  g - -acce le ra t ion  due to g rav i ty ;  
7-- tangential  s t r e s s ;  C- -cons tan t  in Suther land ' s  
equation; a - - h e a t  t r a n s f e r  coefficient;  X, X0--heat 
conductivity of gas and heat  conductivi ty of gas under  
normal  condit ions;  t - - a n g l e  between ver t ica l  axis 
and d i rec t ion  of mot ion;  Wcr,  Wsn- -c r i t i ca l  and 
sonic veloci ty;  subscr ip t s  s r e f e r  to solid phase, 
g-- to gas ;  1 and 2 to initial and final c r o s s  sect ions 
of pipe;  a s t e r i sk s  denote d imens ion less  p a r a m e t e r s .  
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